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Abstract. Let V be a nonnegative locally bounded function defined in C^oo ' — 
W 1 X (0, oo). We study under what conditions on V and on a Radon measure 
fi in IR^ does it exist a function which satisfies dtu — Am + Vu = in Qcx> and 
«(., 0) = fi. We prove the existence of a subcritical case in which any measure 
is admissible and a supercritical case where capacitary conditions are needed. 
We obtain a general representation theorem of positive solutions when tV(x, t) 
is bounded and we prove the existence of an initial trace in the class of outer 
regular Borel measures. 
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1. Introduction 

In this article we study the initial value problem for the heat equation 
, , d t u- Au + V{x,t)u = in Q T ■= K™ X (0, T) 

where V £ L^ c (Qt) is a nonnegative function and ^ a Radon measure in R™. By a 
(weak) solution of (jl.ll) we mean a function u € L] oc {Q T ) such that Vu £ Lj^Qrp), 
satisfying 



(1.2) / / (d t (f> + A(j>) udxdt + J J Vu<j)dxdt= j (dfi 
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for every function £ 6 Cc' 1;1 (Qt) which vanishes for t = T. Besides the singularity 
of the potential at t = 0, there are two main difficulties which appear for construct- 
ing weak solutions : the growth of the measure at infinity and the concentration 
of the measure near some points in R™. Diffusion equations with singular poten- 
tials depending only on x have been studied in connection with the stationnary 
equation (see e.g. |13j ). The particular case of Hardy's potentials v(x,t) = c\x\~ 2 
has been thorougly investigated since the early work of Baras and Goldstein [3], 
in connection with the problem of instantaneous blow-up. For time dependent sin- 
gular potentials most of the works are concentrated on the well posedness and the 
existence of a maximum principle; this is the case if V € L^°Li see e.g. [16) . In 
the case of time-singular potentials, a notion of non-autonomous Kato class have 
been introduced in [18] in order to prove that the evolution problem associated 
to the equation is well posed in L 1 (M n ). This class is the extension to diffusion 
equations of the Kato's class in Schrodinger operators. Other studies have been 
performed by probabilistic methods in order to analyze the L p — L q regularizing 
effect I12| . To our knowledge, no work dealing with the initial value problems with 
measure data for singular operators has already been published. We present here 
an extension to evolution equations of a series of questions raised and solved in the 
case of Schrodinger stationary equations in particular by [2], [3], [19] . having in 
mind that one of the aim of this present work is to develop a framework adapted to 
the construction of the precise trace of solutions of semilinear heat equations. This 
aspect will appear in a forthcoming work [11] ). 

— M 2 

We denote by H(x,t) — (j^j) 2 e~T^~ the Gaussian kernel in R n and by M[fi] 
the corresponding heat potential of a measure /i € !JR(R"). Thus 

(1.3) m[fx](x,t) = Je-^d^y), 

whenever this expression has a meaning: for example it is straightforward that if 
/i e 9Jl(R") satisfies 

(1.4) \\n\\ m := / e-^d\fi\{y) < oo, 

then (|1.3p has a meaning as long as t < T, and let be 97l T (R") the set of Radon 
measures in R™ satisfying ([H]). If G C R", let Q*f be the cylinder G x (Q,T), 
Bji(x) the ball of center x and radius R and Br — Br(0). We prove 
Theorem A Let the measure (i verifies 

(15) // U[\iJ,\](x,t)V(x,t)dxdb < M R Vi? > 0. 

J J 

Then II 1.1]) admits a solution in Qt- 

A measure which satisfies (|1.5[) is called an admissible measure and a measure 
for which there exists a solution to problem (jl.ip is called a good measure. Notice 
that even when V = 0, uniqueness without any restriction on u is not true, however 
the next uniqueness result holds: 

Theorem B Let u be a weak solution of il.l]) with /i — 0. If u satisfies 
(1.6) // (1 + V{x,t))e- X \ x ^\u{x,t)\dxdt < oo 

J J Qt 

for some X > 0, then u = 0. 
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We denote by £ u {Qt) the set of functions u G L] oc (Qt) for which ()1.6j) holds 
for some A > 0. The general result we prove is the following. 

Theorem C Let /i G 9Jt(M") be an admissible measure satisfying Then there 
exists a unique solution w M G £u(Qt) to problem Furthermore 

(1.7) fj (^f+v) \u\e-A d xdt< J^e-^d\n\(y). 

We consider first the subcritical case, which means that any positive measure 
satisfying (|1.4|) is a good measure and we prove that such is the case if for any 
R > there exist run > such that 

(18) // H(x -y,t)V(x,t)dxdt <mRe~^ . 

J J Q T R 

Moreover we prove a stability result among the measures satisfying (|1 .4|) : if V 

verifies for all R > 

(1.9) 

sup e^r / / H(x - y, t)V(x, t)dxdt when \E\ -> , E Borel subset of Q^ R , 

ySR™ J J E 

then if {/^} is a sequence of Radon measures bounded in DJl T (R n ) which converges 
in the weak sense of measures to fi, then {(tt^ fe , Vu^ k )} converges to (u^, Vu^) in 

In the supercritical case, that is when not all measure in 9Jl T (W l ) is a good 
measure, we develop a capacitary framework in order to characterize the good 
measures. We denote by M v (R n ) the set of Radon measures such that VTHT[/i] G 
L 1 (Qt) and ||a*|| ot v := ||VH[^]|| L i. If E C Qt is a Borel set, we set 

(1.10) C V (E) = sup{ M (£) : ft G WlX(R n ), fi(E c ) = 0, < 1}. 
This defines a capacity. If 

(1.11) C* V {E) = inf{||/|| Loo :H[f}(y)>l Vy G -B}, 

where 
(1-12) 

H[f](y)=[f H(x~y,t)V(x,t)f(x,t)dxdt = f M[Vf](y,t)dt Vy G K™, 
J J q t Jo 

then Cy(E) = Cy{E) for any compact set. Denote by £/ie singular set ofV, 
that is the largest set with zero CV capacity. Then 



(1.13) Z v = {xeW l : H(x-y,i)V(y,t)dxdt = oo}, 

J J Q T 

and the following result characterizes the good measures. 

Theorem D If /i is an admissible measure then \i{Zy) = 0. If (J, € 3Jt T (R n ) 
satisfies fi(Zv) = 0, then it is a good measure. Furthermore \x is a positive good 
measure if and only if there exists an increasing sequence of positive admissible 
measures {/ifc} which converges to fi in the weak * topology. 

Since many important applications deal with the nonlinear equation 

(1.14) d t u- Au+\u\ q - 1 u = in :=R n x (0,oo), 
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where q > 1 and due to the fact that any solution defined in Qoo satisfies 

(1.15) MM)!'" 1 < t ! q l _ X ) V(M)eQoc, 

we shall concentrate on potentials V which satisfy 

(1.16) < V{x, t)<-j- V(x, t) e Q T , 

for some C\ > 0. For such potentials we prove the existence of a representation 
theorem for positive solutions of 

(1.17) d t u- Au + V(x,t)u = inQ T . 

If it is a positive solution of (jl.ll) in Qt with /i G 931+ (IR n ), it is the increasing 
limit of the solutions it = ur of 

d t it - Au + V(ar, t)u = in 

(1.18) u = mdB R x(0,T) 

= XB„H in B R , 

when R —> oo, thus there exists a positive function ffy G C(M" x K™ x (0,T)) such 
that 

(1.19) u(a?,t) = / H v (x,y,t)dn(y). 

J®. N 

Furthermore we show how to construct Hy from V and we prove the following 
formula 



(1.20) H v (x,y,t) = e^T(x,Z,t)dn y (0, 

where fi y is a Radon measure such that 

(1.21) S y > Hy, 
(5 y is the Dirac measure concentrated at y), 

(1.22) ij J (x,t)= £ ( - \ 2 e-fe^^.ajdyda 
and r satisfies the following estimate 

(1-23) cirte-T 1 ^^ < T(x,y,t) < c 2 t-^e-^ J ^ 

where Aj, c, depends on T, d and V. Conversely, we first prove the following 
representation result 

Theorem E Assume V satisfies U.16\) . If u is a positive solution of in Qt, 
there exists a positive Radon measure fi in 1™ such that M.19\) holds. 

If n € 2Jt T (M") is positive, we can define for any k > the solution Uk of 

, > d t u - Am + V k (x,t)u = in Qt 

( ' u(.,0) = ijl inR", 

where Vk{x,t) = mm{k,V(x,t)}, and 

(1.25) u k {x,t) =/ H Vk (x,y,t)dfi(y). 
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Moreover {Hy k } and {vk} decrease respectively to Hy and u* there holds 
(1.26) u*(x,t) = [ H v (x,y,t)dn(y). 



However u* is not a solution of (|l.ll) , but of a relaxed problem where fi is replaced 
by a smaller measure fi* called the reduced measure associated to fx. If we define 
the zero set of V by 

(1.27) Singy := {y € R N : H v (x, y, t) = 0}, 

we prove 
Theorem F // 

T r / 1 \* _ie-i/i 2 



(1.28) limsup / / — e 4 <*- *5 s)dyds = oo, 

£ e 5mg y , i.e. Hy(x,£,t) = 0, V (x,t) G R" x (0,oo). 

We note here that if V satisfies (|1.28[) then <5f is not admissible measure and the 
reduced measure (<%)* = /if associated to <5{ is zero. 
Theorem G Assume V satisfies hi. 15)) and fi € 9Jt T (R"). T/ien 
(%) supp([j, — fi*) C Singy. 
(ii) If [i(Singy) = 0, t/ien /j,* = 0. 
fmj Singy = Zy . 

The last section is devoted to the initial trace problem: to any positive solution 
u of (jl.ip we can associate an open subset 7l(u) C R n which is the set of points y 
which possesses a neighborhood U such that 



(1.29) J J V(x, t)u(x, t)dxdt < oo. 

There exists a positive Radon measure [i u on lZ(u) such that 

(1.30) limt-K) / u(x,t)((x)dx = (dfi V£ G C c (lZ(u)). 



The set <S(it) = R" \ lZ(u) is the set of points y such that for any open set U 
containing y, there holds 



(131) / / V(x,t)u(x,t)dxdt = oo. 

If V satisfies (JTTTTJ), S(u) it has the property that 

(1.32) limsup^Q / u(x, t)dx = oo. 

Ju 

Furthermore, if is satisfies (jl.9[) , then 6>(it) = 0. 

An alternative construction of the initial trace based on the sweeping method 
is also developed. 

Precise definitions of the different notions used in the introduction will be given 
in the next sections. 
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2. The subcritical case 

Let Qt = R" x (0, T]. In this section we consider the linear parabolic problem 

, , dtu — Au + Vu = in Qt 

{ > u(.,0) = fx in R" x {0}, 

where V € L\ oc {Qt) is nonnegative and /i is a Radon measure. 

Definition 2.1. We say that p, G 9Jt(R n ) is a good measure if problem \2. 1\) has 
a weak solution u i.e. there exists a function u € Lj oc (Q T ), such that Vu € L\ oc {Q T ) 
which satisfies 

(2.2) -// u(d t 4> + &<t>)dxdt+ 1 1 Vu<t>dxdt= [ (/)(x,0)dp V0 € X(Qt), 

J JQ T J JQ T JR™ 

where X(Qt) is the space of test functions defined by 

X(Q T ) = {<t>€C c (Q T ), d t (f> + A<p G i™ c (Qoo)j </>(*, T) = 0} 

Definition 2.2. Let H(x,t) be the heat kernel of heat equation in M™, we say 
that p G 9Jl(R n ) is an admissible measure if 
ft) 

\\VWl\fJ,\]\\ LHQ B R) = JJ^ Br ^H(x-y,t)d\p(y)\^ V(x,t)dxdt < M R . T 

where Mb..t is a positive constant. 

Definition 2.3. A function u{x,t) will be said to belong to the class £v(Qt) 
if there exists A > such that 

e' xlxl2 \u{x,t)\(l + V(x,t))dxdt < oo. 

Qt 

A measure in R n belongs to the class 9Jt T (R n ) if 

IHIafcr := / e ~^%l < OO- 



LEMMA 2.4. There exists at most one weak solution of problem h2.1\) in the 
class £v(Qt)- 

Proof. Let u\ and U2 be two solutions in the class £v{Qt) then w — u\ — U2 is 
a solution with initial data 0. Choose a standard mollifier p : B(0, 1) n- [0, 1] and 
define 



U!j(x,t)=j n p(j{x~y))w{y,t)dy = pj(x - y)w(y,t)dy. 

JBi(x) JBi(x) 

3 3 

Then Wj(.,t) is C°° and from the equation satisfied by w, it holds 
d t Wj - Awj + / V(y, t)pj (x - y)w(y)dy = 0, 
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where dtWj is taken in the weak sense. 

First we consider the case A > and t < min{ ygj, T} = T' . 

Set 4>{x,t) = £(x,t)((x), where £(x,t) = e 4< ^-'> and C & C£°(R n ). Given e > 
we define 

9i = \Mi + ~ e - 

Because d t (gj(f>) = — y==(f> + gjd t 4>„ by a straightforward calculation we have 

^=^= (pAwj dxds 









s=0 




j 


9j<t>( 


,*)_ 


dx = 


1 Sq 








s=t 





_ [j Wj(x,s) = ^ a . )S ^ j I V(y,t)pj(x - y)w(y,s)dy) dxds 
J jQt Jw 2 (x,s)+e \JBi(x) 



h = ~ 1 Jl -.<pdxds+ / / — — 3 —<t>dxds- / / 3 Vwj.V^dxds 

V w l ( x ' s ) + e J JQ t {wj(x,s)+e)2 J J Qt / w 2 + £ 



+ / / gj<p s dxds 

= h+I 2 + h. 
By integration by parts, we obtain 

ff \Wwi\ 2 w 2 

— — I ril q • / / 

< -II Wj Vwj.Vcjydxds 

Qt v w ? + e 

< - / / Vgj.V<pdxds 

J JQt 

= -11 (Vgj.V^dxds- / / tVgj.V(dxds 
J JQt J JQt 

= / / CgjA^dxds + g VC,.V£,dxds. 
J JQt J JQt 

Since i < T, there holds £|V&| e L^Qt,), ^g, e ^(QtO, |A^| ft e ^(Qt'), 
9 s ^5j e L^Qt') and 

/" /" WjO,s) = ( / V(y,t)pj(x-y)w(y,s)dy ) £dxds < oo. 
J JQt Jw]{x,s)+e \Jbi(x) J 

The reason for which Cl^ffi I •= L x (Qt') follows from the next inequality 

/Y \V gj \£dxds= [ [ -^^=^dxds 

J JQt' J JQt' Je + w 2 

< [[ e 4( ^-" I / |V/Oj(x - y)\w(y,s)dy ] dxds. 



Since Vy e B.(x), we have |x| 2 > (|y| 2 - ±) 2 - |y| 2 + ^- 2 M>M!_(C- 1)£, 
for some positive constant C > independent on j, y and x. Thus we have, using 
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the fact that e-^w G L^Qt), 

f f f — yi 2 

\Vgj\£dxds < C(j, A) / / / e 8< ^ _t> |V/Oj(a;-y)|u;(y, s)dydxds < oo. 

■/ JB, (x) 



Also 



"'■''•'•• s) V(y,t) Pj (x-y)w(y,s)dy) dxds^j^ [ [ t== ^V(y,t)dxds 



QtJw?(x,s)+e \Jbi(x) J J Jq, y/w z {x,s) +e 



and 

/ yjw^(x,s) +e(£s + A£)dxds -K^oo / a/w 2 (2:, s) + e(£ s + A£)dxds. 

We choose £r = 1 in Br, < £r < 1 in -Br+i \ -Br and otherwise. Letting 
successively j — > oo, R — > oo and finally e — > 0, we derive 

w(x,t)\£(x,t)dx < H(£ s + A£)dxds - / / w(a;, s)£V(s/, t)cfa;cZs. 

Since 

{ - + Af = -^ 

and V > 0, we have £) = V (a;, t) £ Qt> ■ It T' = T this complete the proof 
for A > 0, otherwise the proof can be completed by a finite number of interations 
of the same argument on R" x (T, 2T'), R" x (2T', 3T'), etc. If A = we set £ = 1 
and the result follows by similar argument □ 

Theorem 2.5. If /i € 97t T (R") is an admissible measure, there exists a unique 
m = m J i£ £v{Qt) solution of h2.1\) . Furthermore the following estimate holds 

(2.3) 7pf [ [ \u\e"^=^ dxds + [ [ \u\V e~ dxds < [ e~^ r d\n\. 
2j J Jq t J Jq t Je™ 

Proof. First we assume that // > 0. Let /ir = xb h M- It is well known that the 
heat kernel H Br (x, y, t) in = Br is increasing with respect to R and £f Si? — > iJ, 
as R —> oo in L 1 (Qt) for any T > 0. Thus /zr is an admissible measure in Br 
and by Proposition 15.41 there exists a unique weak solution ur of problem 15.21 on 
fl = Br. By (ii) of Proposition 15 . 51 we have 

\u R \(d t (j) + A(f)dxdt+ II \uR\V4>dxdt< / (j)(x,0)d\fi R \. 

Qt J J Qt JBr 

If we set 4> £ (x, t) = e ; e > 0, then 

d t 6 + A6 = ; -e *(T+ e -») 

thus we have 

n ixi 2 /" /■ , m 2 /■ - M 2 

w -rI 77777; 7 e 4l - T+e ~ t} dxdt+ \u R \Ve MT+z-t) dxdt < I eiw, dfj, R , 

2(1 + e -t) J Jq J b 



Qi 



[ 2(T + e-t) 
which implies 



n r f i^i 2 f T f |x| 2 f _| x | 2 

/ \u R \e *(T+e-t) dxdt+ / / |u fi |7e '^ T +^ dxdt < I e^r+^ d/j R . 

J Br JO J Be Jr" 



2T + e J J Br J J Br 
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Letting e — > 0, we derive 

n f f , m 2 /" /" , w 2 /" -m 2 

— / / |uj?|e 4 < T -*> dxdt+ / |u fl |Ve dxdt < / d^R < 

Now by the maximum principle {ur} is increasing with respect to R and converges 
to some function u. By the above inequality u £ £\>{Qt) satisfies the estimate (|2.5j) 
and u is a weak solution of problem (|2.1[) . By Lemma [2.41 it is unique. In the 
general case we write /i = fi + — fi~ and the result follows by the above arguments 
and Lemma l2.4l In the sequel we shall denote by this unique solution. □ 

Definition 2.6. A potential V is called subcritical in if for any R > 
there exists tur > such that 

(2.4) // H{x~y,t)V(x,t)dxdt < m^e"^ Vy € M™. 

is called strongly subcritical if moreover 
(2.5) 



e~ y J H(x - y, t)V(x, t)dxdt -> when \E\-tQ,E Borel subset of Q% R , 

uniformly with respect to y € R n 

Theorem 2.7. Assume V is subcritical. Then any measure in 9Jly(K n ) is 
admissible. Furthermore, if V is strongly subcritical and {/ifc} is a sequence of 
measures uniformly bounded in DJIt(^ n ) which converges weakly to \i, then the 
corresponding solutions {u^} converge to in £; oc (<3t)j an d {V u iJ,k} converges 
to Vu^ in Lj oc (Q T ). 



Proof. For the first statement we can assume fi > and there holds 




H(x-y,t)d(j,(y)V(x,t)dxdt= I [11 H(t,x - y)V(x,t)dxdt) d/i(y) 



<m R e «" d/j,(y) 

< m R IImIIot t • 

Thus /j. is admissible. For the second statement, we assume first that fj, k > 0. By 
lower semicontinuity fj, £ SCHt^^) and || VTH[//]|| l1 ^b r ^ < Mrj? for any k. Since 

< Ufj, k < M[nk] and H[/ifc] — > H[/i] in Lj oc (Q T ), the sequence {u Mfc } is uniformly 
integrable and thus relatively compact in L\ oc (Q T ). Furthermore < VUfj, k < 
VH[/Xfc]. Let E C Qy R be a Borel subset, then 

ff VM[fi k ]dxdt= [ ( [[ VH{x~y,t)dxdt]d^ k {y) 

J J E JR n \J J E J 

\ -Ml 

V(x)H(x - y, t)dxdt e iT dfi k (y) 



E 



< e(\E\) ||/i fc || OTT , 
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where e(r) — » as r — > 0. Thus {(u Mfc , Vu^ k )} is locally compact in L] oc {Q T ) 
and, using a diagonal sequence, there exist u £ Lj oc (Q T ) with Vu £ L\ oc {Q T ) 
and a subsequence {fcj} such that , Vu^ k )} converges to (u M , V^u M ) a.e. and 

in L} oc {Q T ). From the integral expression (|2.2[) satisfied by the u Mfc , w is a weak 
solution of problem (|2.1[) . Since the u^,. satisfy (|2.3p . the property holds for u, 
thereforew = is the unique solution of (|2.ip . which ends the proof. □. 

As a variant of the above result which will be useful later on we have 

Proposition 2.8. Assume V satisfies 
(2.6) 



e~ J J H(x-y, t)V(x, t + r)dxdt -> when \E\ -> , E Borel subset of Q* R , 

uniformly with respect to y £ MP and t £ [0, To]. Let > with Tk — > and {/ifc} 
&e a sequence uniformly bounded in VJIt{M n ) which converges weakly to /i. Then 
the solutions {u Tk ^ k } of 

, r d t u - Au + Vu = on R n x (r fe , T) 

u(.,r fc ) = /i fc on R™ x {<r fe } 

(extended by on (0, Tfc)J converge to in L\ oc {Qt), and {Vu^ k } converges to 
Vun in L] oc (Q T ). 

Condition (|2.5p may be very difficult to verify and we give below a sufficient 
condition for it to hold. 

Proposition 2.9. Assume V satisfies 

(2.8) lime^A - ™/ / V(x,t)dxdt = 

Jo J b x 2 (y) 

uniformly with respect to y £ M n , then V is strongly subcritical. 

Proof. Let E C Q% R be a Borel set. For S > 0, we define the weighted heat 
ball of amplitude de tt by 

Ps = Ps{y,T) = !(x,t) G Qt : ff(a; -y,t)> Se^ 
By an straightforward computation, one sees that 

P s (y,T)dB x hjl (y)x[0,b n 5-ie^}:=R s (y : T), 
for some a n ,b n > 0. We write 

H(x-y,t)V{x,t)dxdt = // H(x-y,t)V(x,t)dxdt+ H(x-y,t)V(x,t)dxdt. 



Then 



H(x - y,t)V(x, t)dxdt < Se~^ / / V(x,t)dxdt, 
EnP? J J e 
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and 

H(x-y,t)V(x,t)dxdt < [ [ , |2 V{x,t)dS r {x,t)rdT 

' EnP s JO J{(x,t)<£Q^ R :H(x~y,t)=Te'^r} 

T = S 



T = 



< r / |h|2 V{x,t)dS a {x,t)da 

Jo J{(x,t)GQr ii :-fr(x-y,t)=cre _ T^} 

m, |2 V(x,t)dS<j(x,t)dadT 
L (x,t)eQy fl :H(x-y,t)=ae- TET" } 

JO J{(x : t)£Q^, R :H(x-y,t)=ae^TT} 

The first integration by parts is justified since V € L 1 {Q^, R ). Notice that 

<5 / / , 2 V(x,t)dS ry {x,t)da ^ 6 [ [ V(x,t)dxdt 

JO J {{x,t)£Q^ R :H(x-y.t)=<je~^r} J J Q^, R nP s 

and 



V{x,t)dxdt <S V{x,t)dxdt 
Q" R nP s J J Q^, R nR s {y,T) 



< (3r- n / V(x,t)dxdt, 

Jo J B R nB {ar)2 (y) 

for some a, (3 > and if we have set r = 5~ n . Notice also that Br n B^ ar y (y) = 
if \y\> R + (ar) 2 , or, equivalently, if \y\ > R + a 2 6~™ . 

(i) If \y\ > + a 2 , we fix (5 such that 1 < <5, then 

e^yy H(x-y,t)V{x,t)dxdt <&JJ V(x,t)dxdt, 

which can be made smaller than e provided \E\ is small enough. 

(ii) If \y\ <R + a 2 , then 

e^r- / / H{x - y,t)V(x,t)dxdt < e^r^ / / H{x - y,t)V(x,t)dxdt 
J J EnPi J J EnPi 

<5e^r^- J J V(x,t)dxdt. 

Given e > 0, we fix S = r~ n such that 

e~^r- I I H(x -y,t)V(x,t)dxdt < (3e^^r- n / V(x, t)dxdt < -, 

J J EnP s Jo J B a nB {ar)2 (y) 2 



and then r/ > such that \E\ < r\ implies 



|y| 2 / / r 2 + q 4 / / e 

— H(x - y,t)V(x,t)dxdt < Se^^ V(x,t)dxdt < -. 

BnPf J J e 2 

Therefore 
which is (1231. 
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Remark In Theorem 12.71 and Proposition 12. 9[ the assumption of uniformity with 
respect to y € R™ in (|2.5j) , (|2.6p and (|2.8j> can be replaced by uniformity with respect 
to y € -Bfl if all the measures Hk have their support in Br . A extension of these 
assumptions, valid when the convergent measures fik have their support in a fixed 
compact set is to assume that V is locally strongly subcritical, which means 
that (|2.5[) holds uniformly with respect to y in a compact set. Similar extension 
holds for (l2~8l) . 

3. The supercritical case 

3.1. Capacities. All the proofs in this subsection are similar to the ones of 
[19j and inspired by |9] ; we omit them. We assume also that there exists a positive 
measure no such that H[^o]^ € L}{Qt)- 

Definition 3.1. £ 9Jl + (R n ) and f is a nonnegative measurable function 
defined in such that 

(t,x,y)h^W[jj](y,t)V(x,t)f(x,t) € L X {Q T x R"; dxdt ® dfi), 

we set 

£(/,M)= / (f H(x-y,t)d Ll (y))v(x,t)f(x,t)dxdt. 
If we put 

nf}(v)= [ H(x-y,t)V(x,t)f(x,t)dxdt, 
then by Fubini's Theorem, H[/](?/) < oo, \x— almost everywhere in R™ and 
£(/,/*)=/ ([ H{x-y,t)V{x,t)f{x,t)dxdt)dfi(y). 

JR n \JQt J 

PROPOSITION 3.2. Let f be fixed. Then 

(a) y i— > H[/](j/) is lower semicontinuous in R". 

(b) /Lt i— > £(/, /x) is lower semicontinuous in 9Jt+(R n ) m £/ie weak* topology. 

Definition 3.3. FKe denote by Wl v (W 1 ) i/ie set o/ aiZ measures \i on R™ suc/i 
t/iat yH[|/i|] G L (Qy). ///it is suc/i a measure, we set 

\Hm^=[ ([ H(x- y> t)d\fi\(y))v(x,t)dxdt = \\Vm[\fi\}\\ L , {QT) . 

JQt \JVL n J 

If E c R™ is a Borel set, we put 
M+iE) = {fie m+{R n ) : fi(E c ) =0} and 3Jt£(£0 = M v (R n ) n SW+(£). 
Definition 3.4. If E Cl" is any 6oreZ subset we define the set function Cy 

by 

Cv(E) := Sup{ M (£) : fx e m\{E), \\n\\ m v < 1}; 
this is equivalent to, 

C V {E) := SU p{/P-: M G^(^)|. 

L llMll£Dl v J 
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Proposition 3.5. The set function Cy satisfies 

Cv(E) < sup ( [ H(x - y, t)V(x, t)dxdt] V£c M n , E Borcl. 
yeE \Jq t ) 

Furthermore equality holds if E is compact. Finally, 

C v {Ei U E 2 ) = sup{Cy(£,i), C V {E 2 )} V E t C R", E t Borcl. 
Definition 3.6. For any Borel E c K™, we sef 

Cy{E) ■= inf{||/|k» : M[f](y) > 1 Vy e £}. 
Proposition 3.7. For any compact set E C R", 

= Cy(£.)- 

3.2. The singular set of y. In this section we assume that V satisfies (jl.161) . 
although much weaker assumption could have been possible. We define the singular 
set of V, Zy by 



(3.1) Zy= iet": / / H(x - y, t)V(y, t)dydt = oo 

Since the function x i— > f(x) = H(x—y, t)V(y, t)dydt is lower semicontinuous, 

J J Q T 

it is a Borel function and Zy is a Borel set. 
Lemma 3.8. If x e Zy then for any r > 0, 

H{x — y, t)V(y, t)dydt = oo. 



Qt 

Proof. We will prove it by contradiction, assuming that there exists r > 0, such 

that 

H(x-y,t)V(y,t)dy<M. 



JL 



rU) 

Replacing H by its value, we derive 

H{x~y,t)V(y,t)dydt = [[ H{x - y,t)V(y,t)dydt + [ [ H(x - y,t)V(y,t)dydt 

< M + C(n) t'^e-^dt < oo. 
Jo 

Which is clearly a contradiction. □ 

Lemma 3.9. If /i is an admissible positive measure then \i{Zy) = 0. 

Proof. Let K C Zy be a compact set. In view of the above lemma there exists 
a R > such that if C Br and for each x E K , we have 

(3.2) // H(x-y,t)V(y)dy = <x> 

J J Qp R 

and 

(3.3) /7 H(x-y,t)V(y)dy<<x>. 
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Now, hk = XKfi is an admissible measure and by Fubini theorem we have 

H(x — y, t)d(J,K (y) I V(x, t)dxdt = / // H(x — y,t)V(x,t)dxdtdfJ,(y) 

) JK J J Q T 



K 



i K 

By p.3p the second integral above is finite and by (|3.2 



H{x — y, t)V (x)dxdtdfi(y) 
H (x — y, t)V(x)dxdtd/iy. 



H(x - y, t)V{x)dxdt = 00 yy £ K. 

2R 

It follows that fx(K) — 0. This implies \i(Zy) — by regularity. □ 

Theorem 3.10. If /i £ 5JIt(1"), jj, > such that fi(Zy) = 0, then n is a good 
measure. 

Proof. We set fin — XBrM- By Proposition 15. 81 since Zy R C Zy, fip> is a good 
measure in Br with corresponding solution uj}. In view of Lemma 12.51 u^ satisfies 



u*\ — — re '^ r ^dxdt + / / |«u|Ve ^ T - t: > dxdt < I e 



V ^'4(T-t) 



Also {it^} is an increasing function, thus converges to it M . By the above estimate 
we have that belong to class £v(Qt) and is a weak solution of (|2.1j) . □ 



Proposition 3.11. Let \i £ 9Jt+(R™). T/ien n(Z v ) = if and only if there 
exists an increasing sequence of positive admissible measures which converges to fi 
in the weak* topology. 

Proof. The proof is similar as the one of [191 Th 3.11] and we present it for the 
sake of completeness. First, we assume that fi{Zy) = 0. Then we define the set 

K N =^x£ ffi" : J H(x - y, t)V{y)dydt < ivj . 

We note that Zy H Kn — 0- We set fi n = Xk n H then we have 

H(x — y, t)dfi n (y) ) V(x, t)dxdt < ^(K^). 



Thus fi n is admissible, increasing with respect n. By the monotone theorem it 
follows that n n — ► /x. Since fi(Zy) — the result follows in this direction. 
For the other direction. Let {/i n } be an increasing sequence of positive admissible 
measure. Then by Lemma 13.91 we have that fi n (Zy) = 0, V n > 1. Since fi n < /i, 
there exist an increasing functions h n fi— integrable such that fi n = h n fi. Since 
= fi n (Zy) — > fi(Zy) the result follows. □ 

3.3. Properties of positive solutions and representation formula. We 

first recall the construction of the kernel function for the operator w H> dtw — Aw + 
Vw in Qt, always assuming that V satisfies (|1.16|) . For S > and /i <E SJIt, we 
denote by wg the solution of 

, . <9 t u> - Aw + Vgw = 0, in Q T 

( ' to(.,0) = ft in R". 



INITIAL VALUE PROBLEMS WITH MEASURES 



15 



where V s = Vxq s , t and Qs.t = (S,T) x 1". Then 

(3.5) w s (x,t) = / H Vs (x,y,t)dfi(y) 



Lemma 3.12. The mapping S i— > Hv s (x,y,t) is increasing and converges to 
Hy G C(R" x M" x (0,T])) when 6 — > 0. Furthermore there exists a function 
H v € C(E™ x M n x (0,T])) sucft t/iat /or any [i G 9Jl T (M n ) 

(3.6) lim w$(x, t) = i) = / Hy(x,y,t)dii(y). 

Proof. Without loss of generality we can assume /i > 0. By the maximum 
principle S t— > Hy s {x, y, t) is increasing and the result follows by the monotone 
convergence theorem. □ 

If W l is replaced by a smooth bounded domain fl, we can consider the problem 

dtw — Aw + Vsw = in 

(3.7) w = in d t Q% := dfl x (0,T] 

w(., 0) = yU in f2. 

where V' & = Vxq^ t and Q^ T = (S,T) x fl Then 

(3.8) w s (x,t)= [ H$ s (x,y,t)dti(y) 

Jn 

The proof of the next result is straightforward. 

Lemma 3.13. The mapping 5 i— > Hy s (x,y,t) increases and converges to Hy G 
C(f2 x il x (0,T])) iw/ien <5 — > 0. Furthermore There exists a fonction Hy G C(fl x 
x (0, T])) suc/i that for any [i G 9Jt{,(f2) 

(3.9) lim = w(x,t) = \ H^(x,y,t)dfj,(y). 
Furthermore H^ < H^' < H v ifflcQ.'. 



It is important to notice that the above results do not imply that w is a weak 
solution of problem This question will be considered later on with the notion 

of reduced measure. 

Lemma 3.14. Assume /i G 931+ (R") is a good measure and let u be a positive 
weak solution of problem h2.1\) . IfVl is a smooth bounded domain, then there exists 
a unique positive weak solution v of problem 

d t v - Av + Vv = 0, in Q^, 

(3.10) v = on diQ% 

v(-,0) = xnV in £1 

Furthermore 



(3.11) 



v(x,t) = / Hy(x,y,t)dfj,(y). 
Jn 
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Proof. Let {tj}J^ l be a sequence decreasing to 0, such that tj < T, V j e N. 
We consider the following problem 

d t v - Av + Vv = 0, in Q x (t,- , T] , 

(3.12) v = on anx(tj,T] 

«(.,t i )=«(.,t J ) in Ox {tr- 

ainee u, Vu £ L X {Q%. R ) for any R > 0, t H> u(.,i) is continuous with value in 
L^ oc (K n ), therefore u(.,tj) G L / 1 oc (IR") and there exists a unique solution Vj to 
(|3 . 1 2[) (notice also that V € L°°(Q^ R )). By the maximum principle < Uj < u and 
by standard parabolic estimates, we may assume that the sequence Vj converges 
locally uniformly in ft x (0, T] to a function v < u. Also, if e C 1 ' ' (Qy) vanishes 
on an d satisfies <p(x,T) = 0, we have 

Vj(dt4>+A(j))dxdt+ / Vvj(f>dxdt+ / (p(x,T—tj)vj(x,T—tj)dx= / 4»(x,0)u(x,tj)dx, 



where in the above equality we have taken (/>(., . — tj) as test function. Since 0(., T — 
<j) — > uniformly and u(.,tj) — > /i in the weak sense of measures, it follows by the 
dominated convergence theorem that 



v(d t 4> + A4>)dxdt + / / Vvcj)dxdt= I cf>(y,0)dfi(y), 
Q£ J J Q? Jo 

thus v is a weak solution of problem (|3.10[) . Uniqueness follows as in Lemma 12.41 
Finally, for S > 0, we consider the solution ws of ()3.7[) . Then it is expressed by 
(|3.5[) . Furthermore 



ws(dt4> + A(j))dxdt + / / Vsws4>dxdt — I <f>(x,0)dfji(x), 
J J q^, Jn 

The sequence is decreasing, with limit w. Since ws > v, then w > v. If we 
assume <p > 0, it follows from dominated convergence and Fatou's lemma that 



u;(d t + A4>)dxdt + / / Vw^dxdt < / <f>(x,0)diJ,(x), 

Thus w is a subsolution for problem (13. 10)) for which we have comparison when 
existence. Finally w — v and (|3.1ip holds. □ 

Lemma 3.15. Assume /i € 9Jl+(R") is a good measure and let u be a positive 
weak solution of problem \2.1\) . Then for any (x,t) € K n x (0, T], we have 

lim ur — u, 

R— *-oo 

where {ur} is the increasing sequence of the weak solutions of the problem i3. 1 0\) 
with = Br. Moreover, the convergence is uniform in any compact subset of 
K n x (0, T] and we have the representation formula 

u(x,t) = / H v (x,y,t)d/j,(y). 



Proof. By the maximum principle, ur < uri < u for any < R < R! . Thus 
ur — > w < u. Also by standard parabolic estimates, this convergence is locally 
uniformly. Now by dominated convergence theorem, it follows that w is a weak 
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solution of problem (|2.1[) with initial data /i. Now we set w = u — w > 0. Since w 
satisfies in the weak sense 

Wt — Aw + Vw = in Qt 

w(x, t) > in Qt 

w(x,0) = MR", 

and V > 0, it clearly satisfies 

w t — Aw < in Qt 

w(x, t) > in Qt 

w(a;,0)=0 inK", 
which implies w = 0. By the previous lemme ur admits the representation 

t \ _ f uBri 



u H (x,t) = / H»*(x,y,t)du(y). 



Since {H V R } is an increasing sequence and liHiR-^oo H V R = Hy, we have using 
again Fatou's lemma as in the proof of Lemma 13.151 



u(x,t) = lim u R (x,t) = lim / Hy R (x,y,t)du(y) = I H v (x,y,t)dn(y) 

R— ¥oo R—toc Jf} R 



□ 



Lemma 3.16. Harnack inequality Let C\ > and V(x,t) be a potential 
satisfying U.16\) If u is a positive solution of then the Harnack inequality is 

valid: 

u(y, s) < u{x, t) exp (c(n, d) ( ^ X ~_ V j + \ + l) ) , V (y, s), (x, t) e Qt , s < t. 

Proof. We extend V for t > T by the value Cii -1 . We consider the linear 
parabolic problem 

(3.13) d t u-Au + Vu = : in JfTx[l,oo), 

It is well known that, under the assumption (|1.16p . every positive solution u(x,t) 
of (|3.13p satisfies the Harnack inequality 

u(y,s) < u(x,t)exp (c(n,d) OjLzA. + I + \\\ V (x, i) g 1™ X [l,oo). 



Set u{x,t) — u(j2j). Then u satisfies 

A 2 l A 2 A' 

We note here that jrV^xs-f) < Ci,Wt > p-, thus u satisfies the Harnack inequality 
2(2/, a) < u(x, t) exp (c(n, d) ( ^~_ V j + ~ s +1 ))' V (x, !) £ 1" x [A, oo). 

By the last inequality and the definition of u we derive the desired result. □ 
Next, we set 

(3.14) Sing v («. n ) := {y E M™ : H v (x, y, t) = 0} 

If Hv{x,y,t) — for some (x,t) £ Qt, then Hy(x' ,y,t') = for any (x',t') € Qt, 
t' < t by Harnack inequality principle. We prove the Representation formula. 



u t - Au+— F( — T )fi = 0, in IT x (0,oo). 
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Theorem 3.17. Let u be a positive solution of {1.17^ . Then there exists a 
measure p € 971+ (R™) such that 



u(x,t) = / H v (x,y,t)dp,(y), 

and p is concentrated on {Singy{W l ')) c . 
Proof. By Lemma 13.151 we have 

u(x, t) = / Hv{x,y,t — s)u(y, s)dy for any s < t < T. 
We assume that s < By Harnack inequality oni4 Hy(x, y,£) 

H v{0,y,Tr)u(y,s)dy < c{n) [ H v (0,y,T - s,)u(y, s)dy = c(n)u(0,T). 



2 

For any Borel set E, we define the measure p s by 

Ps{E):= f H v (0,y,^)u(y,s)dy< f H v (0,y,^)u(y, s)dy < c(n)u(T,0). 

Thus there exists a decreasing sequence {sj}°°^ 1 which converges to origin, such 
that the measure p s . converges in the weak* topology to a positive Radon measure 
p. Also we have the estimate p(W l ) < C(n)u(0,T). Now choose (x, t) G and jo 
large enough such that t > s J0 . Let e > 0, we set for any j > jo, 



Hy(x,y,t- Sj) 
jKy> H v (0,y^)+ S - 



2 

For any R > and \y\ > R we have 

Wj(y) < ~H v (x,y,t- Sj) < ^H(x- y,t - Sj) < ^C(x,R,t - sj), 
where lima^K, C(x, R,t — Sj) — 0. We have also 

W J (y)dp :j < -C(x,R,t- Sj)c(n)u(T,0). 

\y\>R e 



H v (x,y,t) 



For any \y\ < R, we have by standard parabolic estimates that Wj (y) —r , £ 
when j — > oo, uniformly with respect to y. Thus by the above estimates it follows 

jU/; PJ V ^(0,y,|) + £ P 

For sufficiently large j we have 

f H v (x,y,t- sj) f H v (x,y,t- sj) ( T \ 

/ 7T7n TT— d P*3= TTTn tW~ [Hv(0,y,-)+s-e \u(y, Sj )dy 

Jwrn H v (0,y,4r) + e Jr~ H v (0,y, i) + £ V 2 / 



in H v (0,y,^) + E 3 J R r, H v (0,y,±) + e 

u(x,t)-ef H T ^ * ' " "/ s j ) dy . 



H v (x,y,t- s jy ) 
H v (0,y,^)+e 

Note that this is a consequence of the identity 

H v (x,y,t- Sj)u(y,Sj)dy = u(x,t). 
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Thus as before, we define dpj = Hv{x,y,t — Sj)u(y, Sj)dy and thus there exists a 
subsequence, say {pj} converges in the weak* topology to a positive Radon measure 
p. Thus we have 

H v (x,y,t- Sj) f H v (x,y,t- Sj) 

u(y,s j )dy = e / X{Sin 9v —— jr— — u(s j: y)dy 



1 



X(^ 9v ^)r Hvi T Ay) + /p- 

Combining the above relations, we derive 

(3-15) f u H ^} X ' V tI\ dp = u(x,t)-e [ X(Singv(w)) e „ dp. 
Jr™ H v (0,y, f ) +e Jr" H v (0, y, f ) + e 

Now, we have 

and by Harnack inequality on the function x i— > Hv(x, y, t) 

Hv(x,yt) 
ffv(0,»,f) + e " 

thus by dominated convergence theorem, we can let e tend to in (|3 . 1 5|) and obtain 

H v (x,y,t) 

— — r -dp = «(a:,t). 

And the result follows if we set 

dp- = X(Stng v (^)y—— Tfzdp. 

tivyj, y, % ) 

□ 

In the next result we give a construction of Hy, with some estimates and a 
different proof of the existence of an initial measure for positive solutions of (|1.16p . 

Theorem 3.18. Assume V satisfies il.16}) and u is a positive solution of jl.lty 
then there exists a positive Radon measure p in R™ such that 

(3.16) u(x,t)= f e^T(x,y,t,0)dp(y) 

where 



(3.17) i/>(x,t) = I I f * 3 ~\ v(y,s)dyds 



AlT(t - s) 



and 



(3-18) d— -^<T(x,y,t,s)<c 2 — -rr- 

[t — S) 2 [t — S) 2 

for some positive constants a and ji, i = 1, 2. 

Proof. Assuming that u is a positive solution of (|1.17|) . we set u(x,t) 
e i>(x.t) v ( Xit ). Then 

(3.19) d t v -Av- 2VtJj.Vv - \Vijj\ 2 v + (d t <if> - A<ip + V)v = 0. 



20 



KONSTANTINOS T. GKIKAS AND LAURENT VERON 



We choose ip as the solution of problem 

-d t ip - Aip + Vib = in Q T 

(3.20) 

tp(.,T) = in E™. 
Then -0 is expressed by (|3.17[) . Furthermore, by standard computations, 

(i) < ip(x,t) < cln? 

(3.21) " 4 

(it) |V#c,i)| < Cl (T) + c 2 (T) In £ 

The function u satisfies 

(3.22) d t v - Aw - 2V?/>.Vv - |V-0| 2 ^ = 0. 
Then, by ([331]) , 



(3.23) 



(i) < / sup{|?A(a;, s)!" 3 : x e M"}ds < M x 

JR™ 

(m) 0< / sup{|VV'(a;,s)| ,z : x G K"}ds < M 2 

JR™ 



for any 1 < g < oo for some Mi G M+. This is the condition in [4] with Rq = oo 
and p = oo. Therefore there exists a kernel function T G C(R n xR"x (0, T) x (0, T)) 
which satisfies (|3.18p and there exists also a positive Radon measure \i in R" such 
that 



(3.24) v(x,t) = I r(x,y,t,0)dn(y). 
Finally u verifies 

(3.25) u(x,t)=e^) I r(x,y,t,0)dfi(y). 



We recall that Sing v (R n ) := {y G M" : H v (x, y, t) = 0}. 

Theorem 3.19. Let 5^ be the Dirac measure concentrated at y and let V sat- 
isfies U.16\) . Then 

H v {x,&t)= j e^T(x,y,t)d^(y), 



where fi£ is a positive Radon measure such that 

k > Ms j 

and ip, r are the functions in \3. 17\ l and &3.18}) respectively. 
Furthermore, if 

f T f ( 1 \^ le-i/l 2 

hmsup^(£, i) = limsup / / - — -. e 4 < s -*) V(y, s)dyds — 

t-+o t->o J t Js. n V 47r ( s - *)/ 

then 

£ G Sing v , i.e. H v (x, £, t) = 0, V(x, !)efx (0, oo). 
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proof. First we note that Hv h (x, £, t) is the solution of problem (|1.24[) with 
<5f as initial data. Since Hy k (x, £, t) J, Hv(x,^,t), we have by maximum principle 
, H(x,£,t) > Hv(x,£,t). Now by Theorem 13.181 there exists a positive Radon 
measure /zj in R n such that 

(3.26) H v (x„t,t)= [ e^T(x,y,t,0)d^(y) 

Let 4> G Co(R n ) then we have by the properties of T(x,£,,t) (see [4]) and (|3.26[) 
Jim / H v (x,£,t)4>(x)dx > lim / / T{x,y,t)(p{x)dxd^{y) = I ^(y)^(y), 

" u Jt" JR™ JR™ JR" 

That is 

(3.27) / c/)(x)dS i (x) > / (j){x)d^(x) S £ > ^, 

JR" JR" 

since (/> is an abstract function in space Co(K"). 

Also we have that there exist positive constants C\ , C 2 such that 

(3.28) r(x,y,t)>C 1 H(x,y,C 2 t). 
Also we have 

H(S,t,t)>H v ($,Z,t) = I H v (£,y,t)d^(y)= [ e^T(^y,t)d^(y) 

JR™ JR™ 



(by©) > Ci / e^H(^y,C 2 t)d^(y) 
(By Harnack inequality) > C(T,n,C 1 ,C 2 ) [ e^'^i?^, £, 



C(T, „, CuC 2 )e^H^, v^*)) 



Thus by the last inequality and the fact that 
we have 

C(T,n,Ci,C 2 ) > e^^^Ce.v^*))- 
But limsupt-to' l P(£j~k) = 00 which implies 

lim M5 (i?(e, v / ^)=^({C}) = 0. 

Thus by (f3T27|) we have ^ = 0, i.e. H v (x,£,t) = 0, V(x,f) G K" x (0,oo). □ 

3.4. Reduced measures. In this section we assume that V is nonnegative, 
but not necessarily satisfies (|1.16[) . therefore we can construct H\r\p\ for /i <E 
9JIt(K"). Furthermore, if /i is nonnegative we can consider the solution Uk of 
the problem 

, . d t u - Au + V k u = 0, in Q T 

[6 y > u(.,0) =H in R™, 

where V k — min{F, k}. Then there holds 

u k (x,t)= I H V k(t,x,y)d/j,(y) =W V k[(j](x,t), 
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and 



u k + / H(t - s, x, y)V k u k dyds = H[/x]. 
Jo Jr™ 

Since k i— > Hyk is decreasing and converges to Hy, we derive 
lim u k = u = I H v (t,x,y)d^(y). 

fc-VOO J Mn 

By Fatou's lemma 

/ / H(t — s, x, y)V udyds < lim inf / / H(t — s,x,y)V k u k dyds. 
Jo ii» fe ^°° Jo Jul™ 

It follows 

u(x,t) + / / H(t — s,x 7 y)Vudyds < / Hv(t, x,y)d/i(y), V(x,t)£QT- 
Jo Jn n Jul" 

Now since Vu E L\ oc (Q T ) and 

d t u — Au + Vu = 0, in Qt, 

the function 



u(x, t) + 



/ / H(t — s,x,y)Vudyds 
Jo Jr" 



is nonnegative and satisfies the heat equation in Qt- Therefore it admits an initial 
trace /x* € 971+ (R n ) and actually fi* e SOTtCR™)- Furthermore, we have 

u(x,t) + / / H{t — s, x,y)V udyds = / H(x — y,t)dfi*(y), V(x,t) £ Qt-, 

Jo JR" Jp 

or equivalently, u is a positive weak solution of the problem 

dtu — Au + Vu = in Qt 

u(.,0) = fi* in R n . 

Note that u* < /i and the mapping fi i— > /i* is nondecreasing. 

Definition 3.20. T/ie measure \i* is the reduced measure associated to \i 
The proofs of the next two Propositions are similar to the ones of |19l Section 

5]. 

Proposition 3.21. There holds M v \p] = Hy[/z*]. Furthermore the reduced 
measure (X* is the largest measure for which the following problem 

dtv — Av + Vv = in Qt 

( 3 - 30 ) a g an+(R n ), A < n 

u(.,0) = A inW 1 , 

admits a solution. 

Proposition 3.22. Let W k be an increasing sequence of nonnegative bounded 
measurable functions converging to V a.e. in Qt- Then the solution u k of 

d t v - Av + W k v = in Q T 

v(.,0) = [i in E n , 

converges to u^*. 

We recall that Sing v (R n ) := {y G R n : H v (x, y, t) = 0}. 



INITIAL VALUE PROBLEMS WITH MEASURES 



2:S 



PROPOSITION 3.23. Let [i be a nonnegative measure in Mr{^ n )- Then 

(i) (/x- At *)((5m ff y(M«)) c ) = 

(ii) If /j((Sing v (R n )) c ) = 0, then m* = 0. 
(Hi) There always holds Singy(W l ) = Zy. 

proof. The proofs of (i), (ii) and the fact that Singy(MP) C Zy are similar as 
in [191 Section 5], and we omit them. 

The proof of Zy C Singy(MP) is a immediately consequence of Theorem 13. 191 
Indeed, if £ € Zy then 

lim sup / / (-7—7- — -r) e ~ *(«-*) V(y, s)dyds = oo, 
thus £ G 5m 9 i/(R"). □ 

4. Initial trace 

4.1. The direct method. The initial trace that we developed in this section 
is an adaptation to the parabolic case of the notion of boundary trace for elliptic 
equations (see |14) . [15] , |19j ). If G C Qt is a relatively open set, we denote 

W(G) = P| W 2 p \G) and W loc (G) = f) W 2 p i c {G). 

l<p<oo 1 < p < OO 

Since V G Lf^ c (Q T ), any solution of (jTTTTj) belongs to W 1oc {Qt)- 

Proposition 4.1. Let u G W / ; oc (Qt) &e a positive solution jl.l7\ ). Assume 
that, for some x £ MP, there exists an open bounded neighborhood U of x such that 

(4.1) // u(y, t)V (y, t)dxdt < oo 

J J qv 

Then u G L l (U x (0, T)) and i/iere exists a unique positive Radon measure \x in U 
such that 

lim f u{y,t)4>{x)dx = [ <j>(x)dfi,, V^eC^°(C/). 

Proof. Since Vu eL'fdx (0, T)) the following problem has a weak solution v 
(see [14]). 

dtv-Av = Vu, in E/x(0,T], 

v(x,t) = on x (0,T] 

u(x,0) = in E/. 

Thus the function w = u + v satisfies the heat equation. Thus there exists a unique 
Radon measure fi such that 

lim / w{y,t)<j){x)dx = [ <j>{x)d(i, V^C °°([/). 

And the result follows since the initial data of v is zero. □ 

We set 
(4.2) 

lZ(u) = < y G M" : 3 bounded neighborhood U of y, / / u(y,t)V(y,t)dxdt < oo > 
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Then lZ(u) is open and there exists a unique positive Radon measure fi on TZ(u) 
such that 

(4.3) lim / u{y,t)<j>{x)dx = [ <f>(x)d(J,, e C^°(TZ). 



t-tO 



n Jn 



PROPOSITION 4.2. Let u e Wi oc (R n x (0,T]) be a positive solution of $1.17]) . 
Assume that, for some x € R™, there holds 



(4.4) // u(y,t)V(y,t)dydt = oo 

J JQ u t 

for any bounded open neighborhood U of x. Then 

(4.5) limsup / u(y, t)dy = oo. 

t-yo Ju 

Proof. We will prove it by contradiction. We assume that there exists an open 
neighborhood of x such that 

/ u(y, t)dy < M < oo Vi e (0, T). 

Then ||it|| il(Q c/ 3 < MT. Let £ r (x) CC U for some r > 0, and C e C%°(B r (x)), 
such that £ = 1 in Br(i), £ = in B£(x) and < £ < 1. Then since u is a positive 
solution we have 

VuQdx =0=> Vudx < f d t u(dx - / uA(dx 

2 

/ uA(dx+ / VuQdx = 0^ I Vudx < - / d t udx + M || A£|| ioo . 
Ju Ju Jbt Ju 

Integrating the above inequality on (s,T), we get 

(4.6) / / Vudxdr < — / u(x,T)dx + / u(x, s)dx + II^H^gc/) ||A£|| ioo . 



/ dtuQdx — 


/ uA(dx + 


I 


'u 


Ju 




j dtuQdx — 


/ uA(dx + 


I 




Ju 





B, 

3 



Letting s — > 0, we reach a contradiction. □ 
Remark. It is not clear wether there holds 

(4.7) liminf / u(y, t)dy = oo. 

Ju 

However, it follows from (|4.6[) that if u € L 1 (Qlf), the above equality holds. 

Definition 4.3. If u is a positive solution of [1. 17\> , we set S(u) — R™ \ 7?.(u). 
The couple (S(u),fi) is called the initial trace of u, denoted by tr^ t=0 j(u). The sets 
lZ(u) and S(u) are respectively the regular and the singular sets of tr^ t=0 j(u) and 
/i € yJl+(1Z(u)) is its regular part. 

Example Take V(x,t) = ct^ 1 , c > 0. If u satisfies 

(4.8) d t u-Au+ C -u = 

then v(x, t) = t c u(x, t) satisfies the heat equation. Thus, if u > 0, there exists 
H € m + {R n ) such that 

(4.9) u(x,t) =t- c U[fi](x,t). 
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This is a representation formula. Notice that Vu(x, t) = ct c 1 H[/^](a;,t), therefore 
the regular set of tr^ t=0 y(u) may be empty. 

Proposition 4.4. Assume V satisfies hi. 16]) and letu € Wi oc (Qt) be a positive 
solution of 7[ ) with initial trace (S(u),fj, u ). Then u > u^ u . 

Proof. We assume S{u) ^ M" otherwise the result is proved. Let G and E be 
open bounded domains such that G CC E CC lZ(u). Let < 5 = inf{|x — y\ : 
x € G, ye E c }. Choose R > such that E CC Br. Let {tj}^ 1 be a decreasing 
sequence converging to 0. We denote by Uj the weak solution of the problem 

d t v - Av + Vv = in B R x (tj , T] 

v{x,t) =0 on dB R x (t it T] 

v(-,tj) = XGu(.,tj) in B R x {tj}, 

where x 1S the characteristic function on G. Let v R , be the solution 

<9 f u - Aw = in I" x (*,-,oo] 

v{.,tj) = XG u(.,tj) inR B x{tj}. 

Then by maximum principle we have u R < u and u R < Vj in Br x (tj , T] , for 
any j € N. By standard parabolic estimates, we may assume that the sequence 
u R converges locally uniformly in to a function u fl < u. Moreover, since 

XGl^u(-,tj) xgV-u in the weak* topology, we derive from the representation 
formula that Vj — > W[xg(J-u]- Furthermore u R < v, which implies X(tj,T)U R — > u R 
in V-{Q% R ). There also holds 

ufVdxdt= [ [ ufVdxdt+ j [ ufVdxdt, 

I B R Jtj JE Jtj JB R \E 

and, by the choice of E and dominated convergence theorem, 

ufVdxdt < [ [ uVdxdt < oo =S> lim / / ufVdxdt = [ [ u R Vdxdt. 

E JO J E i^voJtj JE Jo JE 

Furthermore, for any x € Br\E 1 
1 



Next, since V(x, t) < Ct^ 1 and u R < Vj, we obtain 

(4.10) lim / / u R Vdxdt= j j u R Vdxdt, 

J^^Jtj Jb r \e Jo Jb r \e 

by using the previous estimate and the fact that XGl^uix, tj) — 1 XGl^u hi the weak* 

topology. It follows X(tj,T)V u f ~^ Vu R in L 1 (Q^ H ). There holds also u R < u; 

R 
i G 

above by u. In view of Lemma 13.151 



by the maximum principle, the mapping R H ► u R is increasing and bounded from 



lim u R = uq < u, 

R—too 



and ug is a positive weak solution of 

d t v — Av + Vv = in Qt 

v{-,0) = XGli-u 



m 
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Consider an increasing sequence {Gi}fl 1 of bounded open subsets, G t CC lZ{u), 
with the property that U°Z 1 Gi = 1Z{u). In view of Lemma 13.151 the sequence 
{«, = UQ i }°°^ 1 is increasing and converges to u < u. Also we have 

Ui(x,t) + J J H(t — s,x,y)Viiidyds = J H(x — y,t)dfii, V(x,t) £ Qt, 

where /ij = Xd^- Now since /ij — 1 fi u , by the monotone convergence theorem we 
have 

u(x, t) + / / H(t — s,x,y)Vudyds = / H(x — y,t)dfx u , V(x,t) £ Qt, 

JO Je» JR" 

and u < u. this implies u = , which ends the proof. □ 

Remark. Assumption (|1.17[) is too strong and has only been used in (|4.10[) . It 
could have been replaced by the following much weaker one: for any R > there 
exists a positive increasing function cr such that lim^o e(t) = satisfying 

(4.11) V(x,t) < e t_lefl(t) V(x,t) £Q T ' Ii . 

We end this section with a result which shows that the stability of the initial 
value problem with respect to convergence the initial data in the weak* topology 
implies that the initial of positive solution has no singular part. 

Theorem 4.5. Assume V satisfies, for some tq > 0, 

(4.12) lim // H(x-y,t)V(x,t + T)dxdt = 0, E Borel subset of Q% R 

\EH0j J E 

for any R> 0, uniformly with respect to y is a compact set and r £ [0, To]. If u is 
a positive solution of fi.JTf ), then TZ(u) = W 1 

Proof. We assume that S(u) ^ and if z £ S(u) there holds 

Vudxdt — oo Vr > 0. 



In view of Proposition ^. 1[ there exist two sequences {r^} and {tj} decreasing 
to such that 



lim / u(x,tj)dx = oo Vfc £ N. 

1^°° JB rk (z) 

For k £ N and m > fixed, there exists j(k) such that 



u(x,tj)dx>m Vj>j(fc)eN, 

>B rh (z) 

and there exists £k > such that 

/ min{u(x,tj(iA),£k}dx = m 
J B „ k ( z ) 

Furthermore j{k) — > oo when k — > oo. Let R > maxjrj : j — 1,2, ...} and Uk be 
the solution of 

d t v - Av + Vv = in R™ x (t j(k) , T] 

v(-,tj) = XBr k (z)nun{u(.,tj(k)),£k} in R™ x {i,-(fe)}, 

Then Xs,. fc ( z ) min{w(., tj(fc))) £k} — > m5 z in the weak sense of measures. By Proposi- 
tion !5.5l we obtain that u > Uk on Br{z) x {tjQA, T]. Applying Proposition 12. 8\ and 



INITIAL VALUE PROBLEMS WITH MEASURES 



27 



the remark here after, we conclude that . + tj(k)) ^ u m s z — mus, in L] oc (Q B ) 
This implies u > mus,, and as m is arbitrary, u — oo, contradiction. □ 

4.2. The sweeping method. In this subsection we adapt to equation (|1.17p 
the sweeping method developed in [19| for constructing the boundary trace of 
solutions of stationnary Shrodinger equations. If A C K." is a Borel set, we denote 

by 

Mt + (A) = {(i G 2K+0ET) : Li{A c ) = 0, / e'^dfi < oo}. 

J A 

We recall that fi* denotes the reduced measure associated to /i. 

Proposition 4.6. Let u G Wi oc (Qt) be a positive solution of jl.lty with sin- 
gular set S{u) £ K n . If /i G 9JIt + (5(u)) ; we se£ w M = inf{it, u^,. }. Then 

dtv^ - Avp + Vv^ > in Q T , 

and admits a boundary trace 7 u (/i) G VJl + (S(u)). The mapping ^ H> 7«(/x) is 
nondecreasing and 7«(/f) < A*- 

Proof. It is classical that := inf {it, u^*} is a supersolution of (I1.17[) and 
Vfi € £u{Qt) as it holds with « M * . The function 

(x,t) t-> w(x,t) = / H(t- s,x,y)V(y,s)v f ,(y,s)dyds 

satisfies 

d t w — Aw — Viu = in Qt 

w(.,0) =0 in R" x {0}. 
Thus + w is a nonnegative supersolution of the heat equation in Qt- It admits 
an initial trace in 9JIt + (S(u)) that we denote by 7«(/x). Clearly 7«(/i) < /U* < /i 
since < it M * and 7 u (/x) is nondecreasing with respect to /i as it is the case with 
/i i-> u M » is. Finally, since t> M is a positive supersolution, it is larger that the solution 
of 12. II where the initial data fi is replaced by 7 u (/x), that is u^r^) < v^. □ 

The proofs of the next four propositions are mere adaptations to the parabolic 
case of similar results dealing with elliptic equations and proved in [19j : we omit 
them. 

Proposition 4.7. Let 

vs(u) := sup{7„(/x) : fi G OT T + (5(u))}. 

TTien i^s(u) is a Borel measure on S(u). 

Definition 4.8. The Borel measure u{u) defined by 

v{u){A) := v s {u){A n S{u)) + pL u {A n ft(u)), V A c M", A Borel, 

is called the extended initial trace of it, denoted by trJ t _ Q y(u). 

Proposition 4.9. If Ac S(u) is a Borel set, then 

u s (A) := snp{j u (fi){A) : M G m T + {A)}. 

PROPOSITION 4.10. There always holds u(Singv(^ n )) — 0, where Sing v {^ n ) 
is defined in \3. 1J$ . 

Proposition 4.11. Assume V satisfies condition l[4-12\ ). If u is a positive 
solution of (TTty , then tr e {t=0} (u) = [i u G M T + (R n ). 
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5. Appendix: the case of a bounded domain 

5.1. The subcritical case. Let be a bounded domain with a C 2 boundary. 
We denote by 971(0) the space of Radon measures in f2, by 97t + (f2) its positive cone 
and by 9Jt p (f2) the space of Radon measures in which satisfy 



(5.1) / pd\n\ < oo, 

Jn 



for some weight function p : Q i— > M + . As an important particular case p(x) = 
d a (x), where d{x) = dist (a:, dVi) and a > 0. We consider the linear parabolic 
problem 

d t u - Au + Vu = 0, in = Q x (0, T] 

(5.2) u = on ftQ? = 90 x (0, T] 

u(., 0) = /i in J7. 

Definition 5.1. We say that /i £ 9Jtd(f2) «s a good measure if the above problem 
has a weak solution u, i.e. there exists a function u £ L 1 (Q^), such that Vu £ 
Lh(Qj.) which satisfies 

(5.3) - [ [ u(dt<t> + A(j))dxdt + [ [ Vu(j)dxdt = [ <f>(x, 0)dfi, 

Jo Jn Jo Jn Jn 

V</> £ C 1,1;1 (Q^) which vanishes on diQ^ and satisfies <p(x,T) = 0. 

Definition 5.2. Let H n (x,y,t) be the heat kernel in fl. Then we say that 
p £ 971^ (SI) is a admissible measure if 

P n [M]ILi(g«)=j£ n ^H n (x-y,t)d\fx(y)\jV(x,t)ij(x)dxdt<oc. 

The next a proposition is direct consequence of [141 Lemma 2.4]. 

Proposition 5.3. Assume fi £ 971^(51) and let u be a weak solution of problem 
A5.ty) , then the following inequalities are valid 
ft) 



l|w|lz.i(o«) + II^IU^CO?) ^ C(n,n) / dd\n\, 
\u\{d t (t> + A(f)dxdt + / / \u\V(j)dxdt < \ <j>(x, 0)d|/x|, 



C^ 1;1 (Q?), <t>> 0. 

(Hi) 



Xn / (x)u + dxdt+ / / Vu + ipdxdt< / ip{x)dp+., 
Jo Jn Jo Jn Jn 

where ip is the solution of 

-A%jj = 1, in J] 

k ; ip = o on an. 

Proof. For (ii), in 1141 Lemma 2.4, p 1456], above from the relation (2.39), we can 
take C = l(u)C f° r some < ( € C 1,1;1 ((3p), since u — on diQj.. For (hi) we 
consider (as in [14[ Remark 2.5]) (p(x, t) = tip(x). The inequality holds by the same 
type of calculations as in [19] . □ 
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Proposition 5.4. The problem S5.ty) admits at most one solution. Further- 
more, if n is admissible, then there exists a unique solution; we denote it u^. 

Similarly as Theorem 12.71 and Proposition 12.71 we have the following stability 
results 

Proposition 5.5. (i) Assume that V satisfies the stability condition 

(5.5) lim // H n (x,y,t)V(y,t)d(x)dydt = 0, VE C Qr, E Borel. 

\m^oj J E 

uniformly with respect to y € 0. If {fJ-k} is a bounded sequence in OJt^fi) converg- 
ing to \x in the dual sense of 971^(51), then (u fJik ,Vu fJik ) converges to (u^^Vu^) in 
L 1 {Q^) x ^i(Qp). (ii) Furthermore if 

(5.6) lim // H n (x,y,t + T n )V(y,t)d(x)dydt = 0, VE C Q%, E Borel. 
\EHoJ J E 

uniformly with respect to y € and r k € [0, to] converges to and {/ik} is in (i), 
then the solutions u Thiflk of the shifted problem 

d t u- Au + Vu = on fl x (n,T) 

(5.7) u = on dVt x (r k ,T) 

u(., T fe ) = [i k on fix {r k } 

(extended by on (0,r k )) converge to in Lj(Q^), and {Vu^ k } converges to Vu^ 
inL\{Q%). 

Proof. We can easily see that the measure \x n is admissible and uniqueness 
holds; furthermore any admissible measure is a good measure is a good measure as 
in Theorem 12.51 and 

u, ln Vipdxds < C / d/j, n < C. 



1 1 ^ X< ^ S ^11 



The remaining of the proof is similar to the one of Theorem 12.71 □ 
5.2. The supercritical case. 

Lemma 5.6. Let {fJ, n }^Li be an increasing sequence of good measures converging 
to some measure [i in the weak* topology, then fi is 



Proof. Let u^ n be the weak solution of (15.21) with initial data [i n . Then by 
Proposition 15.51 -fiii). {u^ ln } is an increasing sequence. By 15.51 -(i) the sequence 
{u^} is bounded in L 1 (Q^,). Thus ?t Mn — > u 6 L 1 (Q^p). Also by (hi) of Proposition 
15.51 we have that Vu^ n — > Vu in i^(Qp). Thus we can easily prove that it is a 
weak solution of (|5.2j) with /x as initial data. □ 

Let 

(5.8) Z$ = {xen: f H ( \t,x,y)V(y)iP(y)dy = ^}. 

J Qt 

We note that, since H n (t,x,y) < H{x — y,t) for any bounded Q with smooth 
boundary, it holds Zy C Zv ■ By the same arguments as in [19] we can prove the 
following results 

Proposition 5.7. Let /i be an admissible positive measure. Then fi(Z^) = 
Proposition 5.8. Let ^ e ffld + {ty such that n(Zy) = 0, then \i is good. 
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Proposition 5.9. Let \i e 9Jtd + (f2) be a good measure. Then the following 
assertions are equivalent: 

(i) fi(Z$) = 0. 

(ii) There exists an increasing sequence of admissible measures {fi n } which con- 
verges to ii in the weak*-topology 
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